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Abstract
In this work, we present some new existence theorems for solutions for a new class of generalized vector F-implicit
complementarity problems and the corresponding generalized vector F-implicit variational inequality problems by using the
Fan–KKM Theorem under some suitable assumptions without monotonicity, and establish the equivalence between those problems
in Banach spaces.
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1. Introduction
Complementarity theory introduced by Lemke [17] and Cottle and Danzig [4] has been studied and applied in
nonlinear analysis for more than forty years, from the 1960s [1–3,5,7–16,18,19]. In particular, there have been many
discussions on the relations between the solution sets to complementarity problems and the solution sets to the
corresponding variational inequality problems [1–5,7–12,14–16,18,19]. In [2], the authors considered the relation
between the multivalued implicit complementarity problems and the multivalued implicit variational inequality
problems. Cottle and Yao [5] considered some existences of solutions for a nonlinear complementarity problem
involving a pseudo-monotonicity mapping on a closed convex cone in Hilbert spaces, and showed some necessary and
sufficient conditions for the existence of solutions to some variational inequality problems. In 2001, Yin et al. [19]
introduced a class of F-complementarity problems (F-CP) for finding x ∈ K such that
〈T x, x〉 + F(x) = 0 and 〈T x, y〉 + F(y) ≥ 0 for all y ∈ K
where K is a nonempty closed convex cone of a real Banach space X , T : K → X, the dual space, is a mapping and
F : K → (−∞,+∞) is a function, and proved that it is equivalent to the following generalized variational inequality
problems:
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Find x ∈ K such that
〈T x, y − x〉 + F(y) − F(x) ≥ 0 for all y ∈ K ,
where F is a positively homogeneous and convex function. They also proved the existence of solutions for (F-CP)
under some assumptions with F-pseudo-monotonicity.
In 2003, Fang and Huang [7] introduced and studied a new class of vector F-complementarity problems with
demi-pseudomonotone mappings in Banach spaces by considering the solvability of the problems. Huang and Li [8]
introduced and studied a class of scalar F-implicit complementarity problems and another class of F-implicit
variational inequality problems in Banach spaces, in 2004. Last year, the result for a scalar case in [8] was extended
and generalized to the vector case by Li and Huang [18]. The equivalence between the F-implicit complementarity
problem and F-implicit variational inequality problem was presented and some new existence theorems for solutions
for F-implicit variational inequality problems were also proved.
The main objective of this work is to generalize some results of [8,18] to a more generalized vector case. We
introduce a new class of generalized vector F-implicit complementarity problems and a corresponding new class of
generalized vector F-implicit variational inequality problems in Banach spaces and prove the equivalence between
them under certain assumptions. Furthermore, we derive some new existence theorems of solutions for the generalized
vector F-implicit complementarity problems and the generalized vector F-implicit variational inequality problems by
using the Fan–KKM Theorem [6] under some suitable assumptions without any monotonicity.
2. Preliminaries
Let Y be a real Banach space. Let P ⊂ Y be a nonempty closed convex and pointed cone with the apex at the
origin, that is, P is a closed set with the following conditions;
(i) λP ⊆ P for all λ > 0;
(ii) P + P ⊆ P;
(iii) P ∩ {−P} = {0}.
An ordered Banach space (Y, P) is a real Banach space Y with an ordering defined by a closed cone P ⊆ Y with
an apex at the origin in the form of
x ≥ y ⇔ x − y ∈ P
and
x ≥ y ⇔ x − y ∈ P.
We recall some definitions and lemmas needed in our work.
Definition 2.1. Let X and Y be vector spaces and K a subspace of X . A mapping F : K → Y is said to be positively
homogeneous if F(αx) = αF(x) for all x ∈ K and α ≥ 0.
Definition 2.2. Let K be a nonempty subset of topological vector space X . A mapping G : K → 2X is called a
KKM-mapping if for every finite subset {x1, x2, . . . , xn} of K
conv{x1, x2, . . . , xn} ⊂
n⋃
i=1
G(xi ),
where conv denotes the convex hull.
Fan–KKM Theorem 2.1 ([6]). Let K be a nonempty subset of Hausdorff topological vector space X. Let G : K →
2X be a KKM-mapping such that for any y ∈ K G(y) is closed and G(y) is compact for some y ∈ K ; then there
exists x ∈ K such that x ∈ G(y) for all y ∈ K , i.e.,
⋂
y∈K
G(y) = ∅.
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Lemma 2.2 ([18]). Let (Y, P) be an ordered Banach space induced by a pointed closed convex cone P. Then x ≥ 0
and y ≥ 0 imply that x + y ≥ 0, for all x, y ∈ Y .
3. Main results
Throughout this section, let X be a real Banach space, K ⊆ X be a nonempty closed convex cone and (Y, P) be
an ordered Banach space induced by a pointed closed convex cone P . Denote as L(X, Y ) the space of all continuous
linear mappings from X into Y and as 〈t, x〉 the value of a linear continuous mapping t ∈ L(X, Y ) at x . Let
A, T : K → L(X, Y ), g : K → K , F : K → Y and N : L(X, Y ) × L(X, Y ) → L(X, Y ) be mappings. In
this section, we consider the following generalized vector F-implicit complementarity problem (GVF-ICP): Find
x ∈ K such that
〈N(Ax, T x), g(x)〉 + F(g(x)) = 0
and
〈N(Ax, T x), g(y)〉 + F(g(y)) ≥ 0, for all y ∈ K . (3.1)
Special cases
(1) The following vector F-implicit complementarity problem (VF-ICP) of finding x ∈ K such that
〈 f (x), g(x)〉 + F(g(x)) = 0
and
〈 f (x), y〉 + F(y) ≥ 0, for all y ∈ K
(3.2)
is a particular form of (GVF-ICP) for the identities A and T and a mapping f : K → L(X, Y ) defined by
f (x) = N(x, x) for x ∈ K , which was considered and studied by Li and Huang [18].
(2) If g is an identity mapping on K and F ≡ 0, then the (VF-ICP) collapses to the vector F-complementarity
problem (VF-CP) of finding x ∈ K such that
〈 f (x), x〉 = 0 and 〈 f (x), y〉 ≥ 0, for all y ∈ K , (3.3)
which was studied by Chen and Yang [3].
(3) If L(X, Y ) = X∗ and F : K → R, then (VF-ICP) collapses to the scalar F-implicit complementarity problem
(SF-ICP) of finding x∗ ∈ K such that
〈 f (x), g(x)〉 + F(g(x)) = 0 and 〈 f (x), y〉 + F(y) ≥ 0, for all y ∈ K ,
which was considered by Huang and Li [8].
Remark 3.1. Letting g be an identity (respectively, F ≡ 0) in (SF-ICP), we obtain complementarity problems
considered in Yin et al. [19] (respectively, Isac [9,14]).
We also introduce the following generalized vector F-implicit variational inequality problem (GVF-IVIP): Find
x ∈ K such that
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0, for all y ∈ K . (3.4)
The following vector F-implicit variational inequality problem (VF-IVIP) of finding x ∈ K such that
〈 f (x), y − g(x)〉 + F(y) − F(g(x)) ≥ 0, for all y ∈ K
is a particular form of (GVF-IVIP), which was considered in [18].
We first establish the equivalence between (GVF-ICP) and (GVF-IVIP).
Theorem 3.1. (i) If x solves (GVF-ICP), then x solves (GVF-IVIP).
(ii) If F : K → Y is a positively homogeneous mapping and x solves (GVF-IVIP), then x solves (GVF-ICP).
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Proof. (i) Let x ∈ K be a solution of (GVF-ICP); then
〈N(Ax, T x), g(x)〉 + F(g(x)) = 0
and
〈N(Ax, T x), g(y)〉 + F(g(y)) ≥ 0 for all y ∈ K .
It follows that
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x))
= [〈N(Ax, T x), g(y)〉 + F(g(y))] − [〈N(Ax, T x), g(x)〉 + F(g(x))]
= 〈N(Ax, T x), g(y)〉 + F(g(y))
≥ 0,
for all y ∈ K ; thus x is a solution of (GVF-IVIP).
(ii) Let x ∈ K be a solution of (GVF-IVIP); then
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0 for all y ∈ K .
Since F : K → Y is a positively homogeneous mapping and K is a convex cone, letting g(y) = 2g(x) and
g(y) = 12 g(x) in (3.4), we have
〈N(Ax, T x), g(x)〉 + F(g(x)) ≥ 0
and
〈N(Ax, T x), g(x)〉 + F(g(x)) ≤ 0,
that is,
〈N(Ax, T x), g(x)〉 + F(g(x)) ∈ P ∩ {−P}.
Since P is a pointed cone
〈N(Ax, T x), g(x)〉 + F(g(x)) = 0.
Moreover, we obtain
〈N(Ax, T x), g(y)〉 + F(g(y)) = [〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x))]
+ [〈N(Ax, T x), g(x)〉 + F(g(x))]
= 〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x))
≥ 0
for all y ∈ K . Hence x solves (GVF-ICP). 
If A, T and g are identity mappings on K , then we have the following result as a corollary.
Corollary 3.1 ([18]). (i) If x solves (VF-ICP), then x solves (VF-IVIP).
(ii) If F : K → Y is positively homogeneous and x solves (VF-IVIP), then x solves (VF-ICP).
Now we consider the existence of solutions to (GVF-IVIP) and the properties of the solution sets.
Theorem 3.2. Assume that
(a) five mappings N : L(X, Y ) × L(X, Y ) → L(X, Y ), g : K → K , A, T : K → L(X, Y ) and F : K → Y are
continuous;
(b) there exists a mapping h : K × K → Y such that
(i) h(x, x) ≥ 0 for all x ∈ K ;
(ii) 〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) − h(x, y) ≥ 0 for all x, y ∈ K ;
(iii) the set {y ∈ K : h(x, y) ≥ 0} is convex for all x ∈ K ;
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(c) there exists a nonempty compact convex subset C of K such that for all x ∈ K \ C there exists y ∈ C such that
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0.
Then GVF-IVIP has a solution. Furthermore, the solution set of (GVF-IVIP) is closed.
Proof. Define a set-valued mapping G : K → 2C by
G(y) = {x ∈ C : 〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0}, for all y ∈ K .
By the assumption (a), for any y ∈ K , G(y) is closed in C . Since every element x ∈ ⋂y∈K G(y) is a
solution of (GVF-IVIP), we have to show that ⋂y∈K G(y) = ∅. Since C is compact it is sufficient to prove
that the family {G(y)}y∈K has the finite intersection property. Let {y1, y2, . . . , yn} be a finite subset of K and set
B := conv(C ∪ {y1, y2, . . . , yn}). Then B is a compact and convex subset of K .
Define two set-valued mappings F1, F2 : B → 2B as follows:
F1(y) = {x ∈ B : 〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0} for all y ∈ B,
and
F2(y) = {x ∈ B : h(x, y) ≥ 0} for all y ∈ B.
From the conditions (i) and (ii), we have
h(y, y) ≥ 0
and
〈N(Ay, T y), g(y) − g(y)〉 + F(g(y)) − F(g(y)) − h(y, y) ≥ 0.
Now Lemma 2.2 implies
〈N(Ay, T y), g(y) − g(y)〉 + F(g(y)) − F(g(y)) ≥ 0
and so F1(y) is nonempty. Similarly, we can prove that for any y ∈ K , F1(y) is closed. Since F1(y) is a closed subset
of a compact set B , we know that F1(y) is compact. Next, we prove that F2 is a KKM-mapping. Suppose that there
exists a finite subset {u1, u2, . . . , un} of B and λi ≥ 0 (i = 1, 2, . . . , n) with∑ni=1 λi = 1 such that
u =
n∑
i=1
λi ui ∈
n⋃
j=1
F2(u j ).
Then
h(u, u j ) ≥ 0, j = 1, 2, . . . , n.
From the condition (iii), we have
h(u, u) ≥ 0,
which contradicts the condition (i). Hence F2 is a KKM-mapping. On the other hand, from the condition (ii), we have
F2(y) ⊆ F1(y) for all y ∈ B.
In fact, x ∈ F2(y) implies that h(x, y) ≥ 0 and by the condition (ii), we have
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) − h(x, y) ≥ 0.
It follows from Lemma 2.2 that
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0,
i.e., x ∈ F1(y). Thus F1 is also a KKM-mapping. From Fan–KKM Theorem 2.1, there exists x ∈ B , such that
x ∈ F1(y) for all y ∈ B . That is, there exists x ∈ B such that
〈N(Ax, T x), g(y) − g(x)〉 + F(g(y)) − F(g(x)) ≥ 0 for all y ∈ B.
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By assumption (c), we get x ∈ C and moreover x ∈ G(yi ), i = 1, 2, . . . , n. Hence {G(y)}y∈K has the finite
intersection property.
Since A, T : K → X, g : K → K , F : K → Y and N : X × X → X are continuous, the solution set of
(GVF-IVIP) is obviously closed. 
Remark 3.2. Letting g be an identity in Theorem 3.2, we obtain the same result for the following vector F-implicit
variational inequality problem: Find x ∈ K satisfying
〈N(Ax, T x), y − x〉 + F(y) − F(x) ≥ 0 for all y ∈ K .
Theorem 3.3. Assume that A, T : K → L(X, Y ), N : L(X, Y ) × L(X, Y ) → L(X, Y ) and g : K → K are
continuous and F : K → Y is positively homogeneous and continuous. If assumptions (b) and (c) in Theorem 3.2
hold, then (GVF-ICP) has a solution. Furthermore, the solution set of (GVF-ICP) is closed.
Proof. The conclusion follows directly from Theorems 3.1 and 3.2. 
Corollary 3.2 ([18]). Assume that
(a) f : K → L(X, Y ), g : K → K and F : K → Y are continuous;
(b) there exists a mapping h : K × K → Y such that
(i) h(x, x) ≥ 0, for all x ∈ K ;
(ii) 〈 f (x), y − g(x)〉 + F(y) − F(g(x)) − h(x, y) ≥ 0 for all x , y ∈ K ;
(iii) the set {y ∈ K : h(x, y) ≥ 0} is convex, for all x ∈ K ;
(c) there exists a nonempty, compact, convex subset C of K such that for all x ∈ K\C, there exists y ∈ C such that
〈 f (x), y − g(x)〉 + F(y) − F(g(x)) ≥ 0.
Then (VF-IVIP) has a solution. Furthermore, the solution set is closed.
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